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In this paper, we stress the importance of momentum-space geometry in the understanding of
two-dimensional topological phases of matter. We focus, for simplicity, on the gapped boundary
of three-dimensional topological insulators in class AII, which are described by a massive Dirac
Hamiltonian and characterized by an half-integer Chern number. The gap is induced by introducing
a magnetic perturbation, such as an external Zeeman field or a ferromagnet on the surface. The
quantum Bures metric acquires a central role in our discussion and identifies a cigar geometry. We
first derive the Chern number from the cigar geometry and we then show that the quantum metric
can be seen as a solution of two-dimensional non-Abelian BF theory in momentum space. The gauge
connection for this model is associated to the Maxwell algebra, which takes into account the Lorentz
symmetries related to the Dirac theory and the momentum-space magnetic translations connected
to the magnetic perturbation. The Witten black-hole metric is a solution of this gauge theory
and coincides with the Bures metric. This allows us to calculate the corresponding momentum-
space entanglement entropy that surprisingly carries information about the real-space conformal
field theory describing the defect lines that can be created on the gapped boundary.
I. INTRODUCTION
Geometry is nowadays recognized as a fundamental in-
gredient in understanding of topological phases of mat-
ter [1]. Several physical properties, such as Hall viscosity
[2, 3] and thermal Hall effect [4–6], can be naturally de-
scribed through effective geometric theories. Most of the
efforts have been directed to the formulation of geomet-
ric models in real space. Deformations and dislocations
in the lattice [7, 8] and interactions in continuous sys-
tems [9] can be represented by effective models in real
curved space. Some of these models are characterized,
for instance, by a non-minimal coupling between gauge
field and background [10, 11], non-zero torsion [7, 12],
quantum anomalies [13–15], spin-orbit coupling in curved
space [16], etc.
In an our recent work [11], we have employed a geomet-
ric Chern-Simons theory in real space based on a 2+1-
dimensional Maxwell algebra [17, 18] to study the gapped
boundary of three-dimensional topological insulators in
class AII [19]. This algebra encodes both Lorentz sym-
metries and magnetic translations [20, 21]. The former
are related to the Dirac surface states while the latter
are due to the presence of a magnetic perturbation, such
as an external Zeeman field or ferromagnet [22], that in-
duces a gap on the surface.
However, the role of momentum-space geometry is
much less understood in topological materials. A real-
space geometric theory cannot be naturally translated
in a momentum-space model due to the lacking of a
well-defined Fourier transformation in a generic curved
background. Besides the well-known Berry phase, the
quantum Bures (or Fubini-Study) metric can be de-
rived from the band structures of lattice models [23, 24].
It represents the natural metric of an effective curved
momentum-space in condensed matter systems. Recent
works point out that this kind of geometry has deep phys-
ical implications in topological phases [25–33]. Similar
ideas about curved momentum-space geometry have been
also developed in high-energy physics literature [34–40].
FIG. 1. The momentum-space geometry of a massive Dirac
Hamiltonian is given by a cigar geometry. For small momenta,
the geometry approaches a semi-sphere, while for large mo-
menta becomes a cylinder. It is characterized by a Bures
metric that coincides with the Witten black-hole metric. This
black hole has the horizon at the tip of the cigar.
In this paper, we focus on the geometric properties
of the momentum space of two-dimensional topological
phases. In particular, we analyze the gapped boundary
of three-dimensional topological insulators in class AII,
which is described by a massive Dirac Hamiltonian [19].
In this case, the Bures metric identifies a cigar geom-
etry as shown by Matsuura and Ryu [33]. We firstly
show that the a Chern number can be directly derived
from the cigar geometry and coincides with the value
calculated through the standard Berry phase. We then
propose a suitable non-Abelian BF theory [41] in the two-
dimensional momentum space, where the Witten black-
hole (WBH) metric [42, 43] is a solution of its equations
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2of motion and coincides with the Bures metric of the
cigar geometry. The gauge connection of the BF the-
ory is related to the lower-dimensional Maxwell algebra,
employed in the study of dilaton gravity [41] and con-
formal field theories (CFTs) [44]. This algebra is ba-
sically a central extension of the two-dimensional Eu-
clidean Poincare´ algebra. The choice of this gauge theory
is physically well justified. Firstly, the BF theory repre-
sents a non-trivial topological field theory in two dimen-
sions [45]. Different versions of this theory have been
successfully employed in the study of topological insula-
tors, superconductors, superfluids and graphene in real
flat space [46–51]. Secondly, the Maxwell algebra, natu-
rally encodes the Lorentz symmetries related to the Dirac
theory and the momentum-space magnetic translations
[28] connected to the magnetic perturbation. Finally,
by following the results by Solodukhin [52, 53] on the
entanglement entropy (EE) of the WBH, we show that
the momentum-space EE contains information about the
CFT related to the topological phase. This critical theory
describes the defect lines that be created on the gapped
boundary of the three-dimensional topological insulator.
Our results enlighten novel and important connections
between geometric and topological features of condensed-
matter systems.
II. BURES METRIC AND CHERN NUMBER
We start by stressing the role of gauge formalism in the
momentum space of topological systems. Several topo-
logical invariants associated to the band structure are
indeed related to Abelian and non-Abelian Berry phase,
which depends on the Bloch wave-functions [1]. For in-
stance, in two-dimensional Chern insulators, the integral
of the U(1) Berry curvature on the first Brillouin zone,
gives us the Chern number [54]. In three-dimensional
time-reversal-invariant topological insulators, the corre-
sponding Z2 topological number is given in terms of the
non-Abelian Chern-Simons invariant of a non-Abelian
Berry connection [18]. All these topological terms are
defined in terms of gauge connections, which are static
gauge fields, i.e. they cannot be solutions of any effec-
tive action. Intriguously, it has been recently proposed
a dynamical version of the Berry connection in three-
dimensional topological superconductors, that is a solu-
tion of the equations of motion of a non-Abelian Chern-
Simons theory [55]. BF theory [45] represents the natural
topological field theory in two dimensions.
In the next section, we will show that a non-Abelian
BF theory [41] can describes the momentum-space ge-
ometry of a suitable two-dimensional topological phase,
given in terms of the Bures metric gµν . This metric is
the real part of the quantum geometric tensor Gµν(k)
[23, 24]
Gµν(k) = gµν(k) +
i
2
Fµν(k), (1)
where the Abelian Berry curvature Fµν represents its
imaginary part. The Bures metric is explicitly given by
gµν(k) =
1
8
tr[∂µQ∂νQ], (2)
with µ, ν = kx, ky, ..., kj and
Q(k) = 1− 2P (k), P (k) =
∑
i
|ui(k)〉〈ui(k)|, (3)
where P (k) is the spectral projector onto the filled
Bloch wave-functions ui(k). The quantum metric plays
an important role in many-body systems and generally
carries different information with respect to the Berry
phase. The Bures metric has been connected to physical
properties and observables of two-dimensional systems,
such as density operators [25–27], quantum phase transi-
tions [56–58], superfluid weight [59], orbital susceptibil-
ity [60, 61]. Here, we focus on the geometric properties
of gapped boundary of three-dimensional insulators in
class AII, where a gap is induced by an external Zee-
man field or by an ferromagnet on the surface [22]. For
a single Dirac mode, the surface state is described in the
low-energy regime by a two-dimensional massive Dirac
Hamiltonian
H = σxkx + σyky +mσz, (4)
where σj are the Pauli matrices, m is the Dirac mass in-
duced by the magnetic perturbation and the Fermi veloc-
ity is fixed to 1. By assuming m > 0, the corresponding
Berry connection and curvature for the lowest filled band
u(k) are respectively given by
Ax(k) = 〈u|∂kx |u〉 =
iky
2λ(λ+m)
,
Ay(k) = 〈u|∂ky |u〉 =
iky
2λ(λ+m)
, (5)
Fxy(k) = ∂kxAy − ∂kyAx = −
im
2λ3
. (6)
The topological invariant at low momenta (k ≈ 0) is the
first Chern number C1
C1 =
i
2pi
∫
BZ
d2kFxy =
1
2
m
|m| , (7)
which characterizes an half-integer quantum Hall state
on each gapped surface. The quantum metric for the
Hamiltonian in Eq. (4) has been derived in Ref. [33]
gµν(k) =
1
4
(
m2
λ4
dk2 +
k2
λ2
dθ2
)
(8)
where k2 = k2x+k
2
y, λ =
√
k2 +m2 and dθ is the line ele-
ment of the unit circle in polar coordinate. In particular,
we have that
gµν(k)|k→0 = 1
4m2
(dk2 + k2dθ2),
gµν(k)|k→∞ = 1
4
(m2dξ2 + dθ2), (9)
3where ξ = 1/k. This implies that the effective mo-
mentum space is a cigar geometry, which has positive
Gaussian curvature at low momenta and is asymptoti-
cally equivalent to a cylinder with finite circumference at
large momenta, see Fig.1. We now employ Ka¨hler geome-
try [62] to show the deep relation between the topological
information contained in the cigar geometry and the first
Chern number associated to the Berry phase. We can
indeed complexify our momentum space by introducing
the following complex variables
z = kx + iky, z¯ = kx − iky, (10)
such that the cigar, up to some normalized coefficient,
is defined by the following infinitesimal line element ds2
[63]
ds2 = gµν¯dz
µdz¯ν =
dzdz¯
1 + zz¯
, (11)
where gµν¯ a K a¨hler metric. Notice, that complex spaces
have been already applied in the study of Majorana
fermions and topological phases [64–66]. It is then pos-
sible to calculate the Ricci curvature Rµν¯ and the Ricci
form R of the above metric, respectively given by
Rµν¯ = −∂µ∂ν¯ ln det(gµν¯),
R = Rµν¯dz
µ ∧ dz¯ν , (12)
where det(gµν¯) = −1/(1 + zz¯)2 and ∧ is the wedge prod-
uct. We can now employ an important theorem in Ka¨hler
geometry that states that the Chern curvature form Ch
associated to the complex tangent bundle is proportional
to the Ricci form [62], namely
Ch =
R
2pi
. (13)
The Chern connection coincides with the complexifica-
tion of Levi-Civita connection of the (Riemannian) met-
ric on the underlying real manifold (i.e. the real part of
the Ka¨hler metric). The integral of the Chern curvature
form on a compact complex manifold gives us always an
integer topological invariant C1, which is nothing but the
first Chern number. However, because the cigar is non-
compact, the integral of the Ricci form gives us C1 = 1/2
due to the positive curvature of the cigar cap (which is
a semi-sphere) at small momenta k. This is perfectly in
agreement with the derivation of the half-integer Chern
number from the integral of the Berry curvature in Eq.
(7). This equivalence between the Ricci form and the
Berry curvature form has been previously remarked in
Ref. [67].
III. BF THEORY FROM THE MAXWELL
ALGEBRA
In this section, we will show that the quantum metric
that identifies the cigar geometry can be seen as a solu-
tion of the equations of motion of a BF theory in mo-
mentum space. Even if the Bures metric is completely
fixed by the band structure, nevertheless the existence of
an effective action is rlevant because it contains always
more information than its equations of motion. We first
have to fix the underlying gauge algebra of momentum
space. Like in the real-space geometry [11], the algebra
has to take into account the Lorentz symmetries related
to the Dirac fermions and the momentum-space mag-
netic translations [28] connected to the Berry connection,
which behaves like and electromagnetic potential. This is
the signature of position-momentum duality in quantum
Hall states as recently emphasized in Refs. [28, 68]. For
these reasons, we consider the Maxwell algebra, which is
identified by the following anti-commuting relations
[Pa, Pb] = abZ, [Pa, J ] = 
b
a Pb, [Z,Pa] = 0, (14)
where a, b = 1, 2, Pa are the generators of the transla-
tions, J is the generator of the Lorentz rotations and Z
is related to the central extension of the algebra. The
corresponding gauge connection Aµ is given by
Aµ = 1
β
eaµPa + ωµJ + aµI, (15)
where µ, ν = kx, ky, β is a dimensionful constant, ωµ
represents a momentum-space spin connection, eaµ is a
momentum-space zweibein, such that gµν = e
a
µe
b
νδab, and
aµ is an effective U(1) potential. The curvature tensor
acquires the following form
Fµν = 1
β
(Dµe
a
ν −Dνeaµ)Pa + (∂µων − ∂νωµ)J +(
∂µaν − ∂νaµ + 1
2β2
ab e
a
µe
b
ν
)
I, (16)
where Dµ = ∂µ + ωµ is the (Abelian) covariant deriva-
tive. Because we are interested in the topological and
geometric responses of a topological phase, we consider
the action of a topological field theory, given by the fol-
lowing non-Abelian BF action
SBF[B,Aµ] =
∫
d2k µνBaˆF aˆµν , (17)
where aˆ = 1, 2, 3, 4, Baˆ are some scalar fields (Lagrange
multipliers) and F aˆµν are the components of the curvature
tensor. It can be explicitly written in terms of spin con-
nection, zweibein and effective gauge potential as follows
SBF =
∫ [
Ba(De)
a +B3dω +B4
(
da+
1
2
ab e
aeb
)]
,
(18)
where the constant β = 1, which plays the role for
momentum-space magnetic length [68], has been fixed
for simplicity. By replacing the zweibein with the metric
tensor, it is then possible to rewrite the above action in
the second-order formalism (up to a total derivative) [41]
S[φ, gµν ] =
∫
d2k
√
g (φR− Λ), (19)
4where g = det(gµν), R = (1/
√
g)dω is the Ricci scalar,
φ = B3 and Λ = −2B4 is a constant. This action is
conformally equivalent to that one proposed in Refs. [42,
43, 69] in the context of dilaton gravity
S[ϕ, g¯µν ] =
∫
d2k
√
g¯ (R¯− 4g¯µν∂µϕ∂νϕ− Λ), (20)
where φ = e−2ϕ and g¯µν = e2ϕgµν . As shown in Refs.
[42, 43], the (Euclidean) WBH metric is a solution of the
equations of motion of Eq. (20) and characterizes a cigar
geometry, see Fig.1. In terms of the infinitesimal line
element ds2, this metric is given by
ds2 =
1
f(kx)
dk2x + f(kx)dk
2
y, (21)
where f(kx) = 1 − e−Ωkx , with Ω a constant related to
the thermodynamics of the effective black hole [52, 53].
Here, ky plays the same role of Euclidean time in real-
space Euclidean black holes. This kind of metric has been
intensively studied in high-energy physics and has a natu-
ral relation with the area-preserving diffeomorphisms and
W∞ algebra [70]. These mathematical structures are also
essential ingredients in the quantum Hall effect [21].
As a final point in this section, we calculate the stress-
energy tensor T aµ of the model by varying the action in
Eq. (18) with respect to eaµ
T aµ = DµB
a +B4
a
b e
b
µ. (22)
We can compare this result with the elastic response
of the system in momentum space. Firstly, like in real
space, the interpretation of the zweibein in terms of elas-
ticity quantities, i.e. the displacement field χa [7], tells
us that around the flat-space configuration, we have that
eaµ = δ
a
µ + w
a
µ, (23)
where waµ = ∂µχ
a is the distorsion tensor. Secondly, waµ
carries information about the line defects (dislocations)
through the calculation of the line-integral∮
waµdk
µ = −ba, (24)
where ba is the Burgers vector. Thus, the relation in Eq.
(22) implies that the stress-energy tensor contains infor-
mation about possible nodal lines in momentum space.
In gapped topological phases, these kinds of defects ap-
pear, for instance, in a recently proposed Chern insulator
with a nonsymmorphic symmetry [71].
IV. MOMENTUM-SPACE ENTANGLEMENT
ENTROPY
We will describe here the main implications of cigar ge-
ometry in the context of momentum-space entanglement
entropy (EE). In particular, we will show that a biparti-
tion of a radial line in momentum space contains infor-
mation about the CFT related to the topological phase
FIG. 2. The tip of the cigar at k = 0 coincides with the center
of the disk, being the cigar and the disk conformally equiva-
lent. The momentum space is divided in two sub-regions A
and B, with the former containing the lower-energy modes.
A radial line is represented by a red-yellow line. The length
L defines an interval between the boundaries of A and B.
on the gapped boundary. CFTs and topological phases
have been intensively analyzed by employing the tools of
quantum information, such as EE [1] and entanglement
spectrum [72]. To define the former, we first bipartite
the Hilbert space of a given quantum system with den-
sity matrix ρ, into two non-overlapping regions A and B.
We then quantify the entanglement between the two re-
gions by tracing out, for instance, the degrees of freedom
in B. In such a way, the corresponding EE is given by
SEE = −tr ρA ln ρA, (25)
where ρA = trBρ is the reduced density matrix. Re-
cently, these approaches have been generalized to mo-
mentum space [73–76]. In this case, the separation of
the degrees of freedom is related to the energy scale in
analogy to the Wilson’s renormalization group. Here,
the infrared (IR) regime of a quantum system is studied
by integrating out the ultraviolet (UV) degrees of free-
dom. As shown in Ref. [73], the momentum-space en-
tanglement entropy for IR degrees of freedom is defined
by tracing over the UV degrees of freedom with momenta
k > µ, where µ is a fixed energy scale. In topological sys-
tems, a real-space entanglement cut carries information
about the CFT of the edge states [72, 77]. By following
this idea, we show how a radial line together with the
momentum-space EE provide us information about the
CFT related to the topological phase.
We remind that the WBH has a well defined Hawking
temperature TH given by [52]
TH =
Ω
4pi
. (26)
Moreover, the cigar is conformally equivalent to a flat
disk, see Fig.2. We then divide the system in two regions
A and B, where the lower momenta (k ≈ 0) are contained
in the region A. Due to the rotational symmetry of the
disk, we introduce a radial line, which is bipartited in two
linear sub-regions. We call L the length of the line that
5lies in the sub-region B. It is geometrically expressed as
follows [52]
L =
∫ LB
LA
dkx
1√
1− e−Ωkx , (27)
where LA and LB are the boundary of regions A and
B, respectively. In black holes, there exists a natural
bipartition of the space due to the presence of an horizon.
However, in the WBH, the horizon is at the tip of the
cigar, i.e. at k ≈ 0 because f(kx) has a zero at kx =
0. This implies that the integral in Eq.(27) has to be
considered in the limit LA → 0. We remind also that
thisi horizon is zero-dimensional, being the boundary of
the one-dimensional space-like region, which is the radial
line in our case. The EE of the cigar geometry has been
already calculated by Solodukhin [52, 53]
SEEcigar =
c
6
ln
(
1
2piTHε
sinh(2piTHL)
)
, (28)
where ε is a UV regulator and c = 1 is the central charge.
This expression coincides with the finite-temperature EE
of a free CFT on a semi-infinite line [78]. Moreover, for
TH → 0, we recover the corresponding zero-temperature
EE
Scigar(TH → 0) = c
6
ln
(
L
ε
)
. (29)
In the thermodynamic limit, i.e. for L very large, from
Eq. (28), we obtain the thermal entropy Sthcigar
Sthcigar =
pic
3
LTH, (30)
which coincides with the thermal entropy of a one-
dimensional massless Dirac fermion when T = vTH
[79, 80], where v is the Fermi velocity of the Dirac mode.
Thus, we have shown that the dual of the real-space
entanglement entropy of the CFT emerges from the
momentum-space geometry of a topological phase. This
CFT is nothing but the critical theory associated to the
defect lines that can be created on the topological gapped
boundary. Along each defect, a single chiral Dirac mode
propagates. This result is also in agreement with the
position-momentum duality of the EE as already empha-
sized in Ref. [76].
V. CONCLUSIONS
By summarizing, we have analyzed the momentum-
space geometry of the gapped boundary of three-
dimensional topological insulators. By starting from the
corresponding momentum-space cigar geometry, we have
derived the Chern number in a purely geometric way.
We have then shown that the momentum-space metric,
formally equivalent to the metric of a lower-dimensional
black hole, can be seen as a semi-classical solution of a
non-Abelian BF theory. Finally, we have calculated the
momentum-space EE following the approach employed in
black-hole physics. This entropy is equivalent to the EE
of a CFT at finite temperature in flat space. It carries
information about the gapless chiral Dirac modes that
appear along the defect lines on the gapped topologi-
cal boundary. This represents a further evidence of the
position-momentum duality of the entanglement in topo-
logical systems. Our results strengthen the importance
of momentum-space geometry through gauge theory in
topological phases, providing novel research directions in
the study of more complex quantum many-body systems.
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